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Abstract

A fundamental understanding of electrolytic flow in microchannels is essential for the design of microfluidic devices. Hence, an ana-
lytic investigation is presented on the effects of electrostatic potential in microchannels. Solving the Navier–Stokes equations, an expres-
sion for the CfRe product is presented. Solving the energy equation the Nusselt number for constant wall heat flux and constant wall
temperature boundary conditions are presented with analytic expressions over a wide range of operating conditions.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Micro-electro-mechanical-systems (MEMS) and other
microfluidic technologies have revolutionized many aspects
of applied sciences and engineering, such as heat exchang-
ers [1], pumps [2], combustors, gas absorbers, solvent
extractors, fuel processors [3], and on-chip biomedical
and biochemical analysis instruments [4]. All of these
devices involve fluid flow and heat transfer in microchan-
nels. Indeed, much study has been focused on microchan-
nels [5] for efficient cooling of chips due to their very
high heat transfer coefficients [6].

When dealing with micro-fluidics or flows in microchan-
nels, the interfacial effects (phenomenon happening at the
surface of the microchannel), which are negligible in bulk
fluid flows, becomes more pronounced [7–13]. In particu-
lar, electrolytic flow in microchannels can be significantly
different than non-electrolytic flows. The phenomenon
manifests itself by generating a viscous effect, which affects
both the flow and heat transfer.

The present work deals with the modification of Navier–
Stokes equation to take into account the effect of electroki-
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netics and the development of analytic expressions for both
the friction factor and Nusselt number. Previous investiga-
tions have ignored these effects at lower ionic concentra-
tions. The present work is applicable over the complete
range of ionic concentration.

2. Governing equations

While the application is for flow in microchannels that
have rectangular or trapezoidal cross- section, the present
analysis is applied to an infinite parallel plate channel. To
apply the governing Navier–Stokes and energy equations
to this situation, the following simplifying assumptions
are made:

1. The flow is laminar, incompressible, steady, fully devel-
oped hydrodynamically and thermally, and the channel
is considered as infinite parallel plates.

2. Gravity forces are ignored.
3. The fluid is Newtonian and its properties are indepen-

dent of the local electric field strength.
4. The ions are point charges, with no concentration gradi-

ents in the flow.
5. Zeta potential is assumed to be uniform over the

surface.
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6. Viscous dissipation is neglected as its magnitude is very
small in microchannel flows and the pressure force is the
dominating factor.

7. The fluid is a continuum, and the Knudsen number is
<0.1.

Application of these assumptions to the three governing
equations results in:
Continuity equation:

du
dx
¼ 0 ð1Þ

Navier–Stokes equation:

l
d2u
dy2
� dp

dx
þ qeEx ¼ 0 ð2Þ

Energy equation:

u
dT
dx
¼ a

o2T
oy2

� �
ð3Þ

where x is the direction along the flow and y is the direction
perpendicular to fluid flow and is measured from the chan-
nel centerline. The forces acting on an element of liquid in-
clude the pressure force, the viscous force and the electrical
body force generated by the flow-induced electro-kinetic
field (i.e., the streaming potential) represented by the term
qeEx, where qe is the net charge density per unit volume
and Ex is the non-dimensional streaming electric field.
We must develop an expression for qeEx before the above
equations can be solved.

2.1. Development of surface charges and electric double layer

Any surface is likely to carry some charges because of
‘‘broken bonds” and ‘‘surface charge traps”. Likewise,
most surfaces acquire an electrostatic charge when in con-
tact with an aqueous solution. If the liquid contains a very
small amount of ions (due to impurities), the presence of a
surface charge causes both counter-ions and co-ions in the
liquid to be preferentially redistributed, leading to the for-
mation of the electric double layer (EDL) near the wall.

The EDL can be divided into an inner compact layer and
an outer diffuse layer. Ions of opposite charges cluster close
to the wall, forming the Stern layer or the Shear Plane, and
the ions within the Stern layer are attracted to the wall with
very strong electrostatic forces. The wall electrostatic
attraction causes the counter-ion concentration to be
higher near the solid surface as compared to the bulk fluid
away from the wall. Contrary to this the co-ion concentra-
tion near the surface is lower than that in the bulk liquid,
due to the electrostatic repulsion. In contrast, ions in the
diffuse layer are less affected by the charged surface (than
those in the compact or inner layer) and, hence, are mobile.
The thickness of the diffuse layer is dependent on the bulk
ionic concentration and electrical properties of the liquid.
Electrostatic potential is generally measured at the shear
plane, where the electric potential is measurable and is
called the zeta potential, denoted by f, which typically
decays exponentially at distances farther from the wall.

The fluid flow in the microchannel results in the down-
stream flow of the counter-ions. This causes an electric cur-
rent, called the streaming current, in the direction of fluid
flow. The streaming potential associated with the streaming
current is called electro-kinetic potential. This potential
drives the counter-ions in the direction opposite to the
streaming current. When the ions move in the liquid, they
exert a force on the liquid molecules, thus generating a vis-
cous effect, usually referred to as the electro-viscous effect.
Generally, for macrochannel flow the EDL effects can be
safely neglected, as the thickness of the EDL is very small
compared with the hydraulic diameter of the channels.
However, for microchannel flow the thickness of the
EDL is often comparable with the characteristic size of
the channels and cannot be neglected.

2.2. Poisson–Boltzmann equation

The electrostatic potential w is related to the local net
charge density per unit volume qe at certain points in the
solution by the Poisson equation as:

d2w
dy2
¼ � qe

e
ð4Þ

where e is the permittivity or the dielectric constant of the
solution. Assuming that the equilibrium Boltzmann distri-
bution equation is applicable, the number concentration of
the type-i ions, denoted by ni, in a symmetric electrolyte
solution is of the form:

ni ¼ nio exp � ziew
kBT

� �
ð5Þ

where nio and zi are bulk ionic concentration and the va-
lence of type-i ions, respectively, e is the charge of an elec-
tron, kB is the Boltzmann constant and T is the absolute
temperature.

For a symmetric electrolyte of valence z, the net volume
charge density qe is related to the total concentration differ-
ence between the cations and anions as:

qe ¼ zeðnþ � n�Þ ð6Þ
Substituting the values of the number concentration of
each ion from Eq. (5) into Eq. (6), we obtain:

qe ¼ �2zeno sinh
zew
kBT

� �
ð7Þ

where no is the bulk ion concentration of each ion.
Substituting the value of charge density (Eq. (7)) in the

Poisson equation (Eq. (4)) results in:

d2w
dy2
¼ 2zeno

e
sinh

zew
kBT

� �
ð8Þ

The above non-linear second-order one-dimensional equa-
tion is known as the Poisson–Boltzmann equation.
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Now we define the non-dimensional transverse coordi-
nate �y, the non-dimensional electric potential �w, the
Debye–Hückel parameter, k, and the electrokinetic dis-
tance j as:

�y ¼ y
a
; �w ¼ zew

kBT
; k2 ¼ 2z2 e2no

ekBT
and j ¼ ka

where 2a is the width of the microchannel. Using these def-
initions we obtain the governing equation:

d2 �w
d�y2
¼ j2 sinhð�wÞ ¼ � j2

2
�q ð9Þ

where �q ¼ �2 sinhð�wÞ.

2.3. Debye–Hückel linear approximation

The Debye–Hückel parameter k is independent of the
solid-surface properties and is determined by the liquid
properties only. 1/k is referred to as the ‘characteristic
thickness’ of the EDL. k can be modified to take into
account the ionic strength or the molarity (number of
moles of the solute per unit volume) of the solution.

If the electrical potential is small compared to the ther-
mal energy of the ions, i.e., (jzewj < jkBTj) so that the sine
function in Eq. (9) can be approximated by sinh �w � �w,
then the equation transforms into:

d2 �w
d�y2
¼ j2 �w ð10Þ

This treatment is usually called the Debye–Hückel linear
approximation [14]. At small electrolyte concentrations
[15], the Debye–Hückel approximation is good, and the
solution to Eq. (10) is given by:

�w ¼ c1 ej�y þ c2 e�j�y

Applying boundary conditions:

At �y ¼ 0;
d�w
d�y
¼ 0 and at �y ¼ 1; �w ¼ �f

i.e., at the center of the microchannel there is no potential
gradient and at the walls (actually near the shear plane),
the potential is equivalent to �f defined as:

f ¼ zef
kBT

ð11Þ

Applying the above boundary conditions we get

�w ¼
�f

sinhðjÞ sinhðj�yÞ ð12Þ

Increasing the parameter j, the potential is oriented
towards the wall region as more and more ions adhere to
the wall. However, if the value of the zeta potential
increases, the value of streaming potential increases and
also moves away from the wall. This happens because an
increased zeta potential implies an increase in the relative
charge density of the ions near the wall which, in turn, pro-
duces a relatively higher magnitude of the potential, the
presence of which can be felt in a region farther from the
wall.

3. Solution of the governing equations

Using the following non-dimensional parameters:

�u ¼ u
U
; �y ¼ y

a
; �q ¼ qe

n0ze
; Ex ¼

Es

L
; Es ¼

Es

fo

where U is the average velocity for Poiseuille flow, Es is the
streaming potential, Ex is the non-dimensional streaming
electric field, L is the length of the micro-channel and fo

is the potential at the center of the channel, we can rewrite
the governing equations.

From Eq. (9), we can write

�q ¼ � 2

j2

d2 �w
d�y2

ð13Þ

Substituting the non-dimensional terms into Eq. (2) and
rearranging, we get:

d2�u
d�y2
� a2

lU
dp
dx
� 2

j2

nozea2fo

lUL
Es

d2 �w
d�y2
¼ 0

The above equation can be written as:

d2�u
d�y2
þ C1 �

2C2Es

j2

d2 �w
d�y2
¼ 0 ð14Þ

where C1 and C2 are given by:

C1 ¼ �
a2

lU
dp
dx

and C2 ¼
nozea2fo

lUL

2Es=j2 is not incorporated into C2 since C2 allows the influ-
ence of the electrolytic properties to be seen to a greater ex-
tent. Also, Es can be varied to study its effect on different
parameters.

Solving Eq. (14) for the velocity profile, we get:

�u ¼ �C1�y2

2
þ 2C2Es

j2
�wþ c1�y þ c2 ð15Þ

Now applying the boundary conditions:

At �y ¼ 0 :
d�w
d�y
¼ 0;

d�u
d�y
¼ 0 and at �y ¼ 1 : �w ¼ �f; �u ¼ 0

we get:

�u ¼ C1ð1� �y2Þ
2

� 2C2Es
�f

j2
1�

�w
�f

� �

Substituting the above boundary conditions into this
equation and the value of �w from Eq. (12), the velocity pro-
file is obtained:

�u ¼ C1ð1� �y2Þ
2|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
I

� 2C2Es
�f

j2
1� sinh j�yð Þ

sinhðjÞ

� �����
����|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II



Fig. 1. Non-dimensional velocity distribution for various values of j at
�f ¼ 1.

Fig. 2. CfRe variation with j at specified �f [Eq. (16)].
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Term I signifies the contribution of the applied pressure
gradient, and term II represents the contribution of EDL
to the velocity.

Fig. 1 shows the non-dimensional velocity profile for
different sets of j. As can be inferred from the equation,
if there is no EDL (i.e., Es ¼ 0 and �f ¼ 0 at j ¼ 0), then
�u ¼ C1

2
ð1� �y2Þ, which is the conventional form of the

Poiseuille flow velocity profile between two parallel plates.
Thus, the effect of the EDL is to reduce the velocity of the
flow; this, in turn, affects the heat transfer.

3.1. CfRe product

In the standard case for fluid flow between parallel
plates the CfRe product is numerically equal to 24. Now
from the definition of Cf

Cf ¼
sw

1
2
qU 2

¼
l ou

oy

���
y¼a

1
2
qU 2

and using the non-dimensional velocity profile, we get the
following equation for the dependence of CfRe on zeta po-
tential and non-dimensional parameter j:

Cf Re ¼ 24þ 16C2Es
�f

coshðjÞ
j sinhðjÞ ð16Þ

where Reynolds number Re is defined as:

Re ¼ qUð4aÞ
l

The CfRe product increases with increasing value of �f
because with increase in zeta potential, the effect of the
electrostatic potential near the wall dominates in regions
near the wall and also away from the wall. This results in
an apparent increase in the viscosity and, hence, the CfRe

product increases.
Fig. 2 shows the variation of CfRe with j at specified

zeta potentials. The value of CfRe decreases with j and
approaches the conventional value of 24. The increase in
the value of CfRe with zeta potential can be attributed to
the fact that on increasing the value of zeta potential the
presence of electric double layer can be felt in a region at
a greater distance from the wall which enhances the viscos-
ity, and hence, causes an increase in the value of CfRe.
Using the values of different parameters as listed below that
comprise C2 and Es the value for the product of C2Es is
taken as 2.7107 � 10�4 for illustration purposes:

a0 ¼ 5� 10�6 m; n0 ¼ 6:023� 1023; U ¼ 1 m=s;

e ¼ 1:60219� 10�19 C; l ¼ 0:00089 kg=m-s;

with Es ¼ 100 mV

Due to the asymptotic behavior at very low values of j,
it is difficult to use the expression given by Eq. (16) at these
values and the equation developed is undefined at j = 0.
Hence, an approximation needs to be incorporated, which
will take into account this problem and also to ensure the
convergence of CfRe to the conventional value of 24 at
j = 0.

For very low values of j the charge distribution is irreg-
ular. Moreover, the charges have negligible effect on the
flow patterns; thereby, the flow remains more or less lami-
nar. However, due to algebraic complexities the lower j
values give rise to an asymptotic behavior with CfRe ?1
and, hence, needs to be rectified.
3.2. Approximation for CfRe at smaller values of j

Solving for the electrostatic potential field using the fol-
lowing boundary conditions:

At y ¼ 0;
dw
dy
¼ 0 and at y ¼ a; w ¼ f

we get:

w ¼ f
ðeka þ e�kaÞ ðe

ky þ e�kyÞ
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Replacing the exponential series in the numerator with the
hyperbolic cosine series without changing the exponential
series in the denominator, substituting the electrostatic po-
tential value given by the above equation into the momen-
tum equation, and solving for the velocity profile we get the
following expression for the dimensional velocity profile:

u ¼ 1

2l
dP
dx
ðy2 � a2Þ þ 2eEx

l
f

ðeka þ e�kaÞ fcoshðkyÞ � coshðkaÞg

Now expanding the exponential series and taking only the
first two terms as for lower values of ka the higher terms
are negligible, hence, the term ðeka þ e�kaÞ takes the value
of 2. From the definition of Cf the final expression for CfRe

is:

Cf Re ¼ 24þ 8ekBT
z2 e2a2n0

C2Es
�fj sinhðjÞ

Substituting the values of different parameters we get:

Cf Re ¼ 24þ 6:029� 10�5C2Es
�fj sinhðjÞ ð17Þ

Combining Eqs. (16) and (17), we can obtain values of
CfRe for the complete range of j. Fig. 3 shows the varia-
tion of CfRe at different ionic concentrations. From the fig-
ure it is clear that when j = 0, the respective product value
converges to the conventional value of 24. On increasing
the value of j the product rises as a result of the small tur-
bulence created by the ionic distribution. However, at lar-
ger values of j the wall is completely surrounded by the
counter-charges and there are fewer disturbances in the
flow which decreases the CfRe product. As can be seen,
for certain combinations of conditions, electrokinetic
effects can have a large effect on flow.

3.3. Analysis of Nusselt number (constant heat flux)

Solving the energy equation, Eq. (3), using the non-
dimensional temperature profile / ¼ T�T s

T m�T s
, and incorporat-
Fig. 3. CfRe variation for complete range of j.
ing an energy balance on a small segment of the channel,
we get:

u
a

q00

qUcpa
¼ d2T

dy2
ð18Þ

where Ts and Tm are the surface and mean temperatures,
respectively. Substituting the non-dimensional velocity
profile into Eq. (18) and incorporating the non-dimen-
sional temperature profile and non-dimensional distance
�y, we get:

3

2
ð1� �y2Þ � Z 1� sinhðj�yÞ

sinhðjÞ

� �� �
q00

kaðT m � T sÞ

¼ 1

a2

d2 T�T s

T m�T s

� 	
d�y2

ð19Þ

where Z ¼ 2C2Es
�f=j2.

Eq. (19) can be written as:

� 3

2
ð1� �y2Þ � Z 1� sinhðj�yÞ

sinhðjÞ

� �� �
h
ka
¼ 1

a2

d2/
d�y2

or

� Nu
4

3

2
ð1� �y2Þ � Z 1� sinh j�yð Þ

sinhðjÞ

� �� �
¼ d2/

d�y2
ð20Þ

where Nusselt number is defined as: Nu = (4a)h/k. Inte-
grating Eq. (20) twice to get an expression for the non-
dimensional temperature profile:

/ ¼ �Nu
4

3

2

�y2

2
� �y4

12

� �
� Z

�y2

2
� sinhðj�yÞ

j2 sinhðjÞ

� �� �
þ c1�y þ c2

Applying the boundary conditions:

At y ¼ 0;
o/
oy
¼ 0 and at y ¼ 1; / ¼ 0

we obtain the following expression for the non-dimensional
temperature profile:

/ ¼ �Nu
4

3

2

�y2

2
� �y4

12
� 5

12

� �� �
þ Nu

4
Z

�y2

2
� sinh j�yð Þ

j2 sinhðjÞ

��

þ �y
j sinhðjÞ �

1

2
þ 1

j2
� 1

j sinhðjÞ

��
ð21Þ

From the definition of mean temperature:

1 ¼ 1

2

Z 1

�1

u
U

� 	
ð/Þd�y

Solving Eq. (21) for Nusselt number, we get the following
expression:

Nu ¼ 8

I
ð22Þ

where the term I is:

I ¼
Z 1

�1

3

2
ð1��y2Þ�Z 1� sinhðjyÞ

sinhðjÞ

� �� �
3

2
��y2

2
þ �y4

12
þ 5

12

� �
þZ�

� �
d�y
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and

� ¼ �y2

2
� sinhðjyÞ

j2 sinhðjÞ þ
�y

j sinhðjÞ �
1

2
þ 1

j2
� 1

j sinhðjÞ

� �

As shown in Fig. 4, similar to the behavior pattern of
CfRe product, the above equation tends to follow the
asymptotic behavior at very low values of j. To overcome
the asymptotic behavior at lower values of j the following
methodology is adopted.
3.3.1. Approximation made at lower values of j
From the non-dimensional momentum equation:

lU
a2

d2�u
dy2
� dP

dx
þ �qzen0

Esf0

L
¼ 0 ð23Þ

Substituting the value of the non-dimensional electric
charge density ð�q ¼ �2 sinhð�wÞÞ into Eq. (23) and solving
for the non-dimensional velocity profile:

�u ¼ C1

2
ð1� �y2Þ þ C2Es sinhð�wÞy2 � sinhð�fÞ


 �

Substituting this non-dimensional velocity profile into the
energy equation we obtain the non-dimensional tempera-
ture profile:

/ ¼ Nu
4

� �y2

2
þ �y4

12
þ 5

12

� �
þ C2Es � sinhð�wÞ �y4

12

��

þ sinhð�fÞ�y
2

2
þ sinhð�wÞ 1

12
� sinhð�fÞ 1

2

�

At very low values of j, �w ’ �f ’ j (approximation), the
non-dimensional velocity and temperature profiles is con-
verted to:

�u ¼ 3

2
ð1� �y2Þ þ C2Esjð�y2 � 1Þ
Fig. 4. Nusselt number variation at different non-dimensional zeta
potential values.
and

/ ¼ Nu
4

� �y2

2
þ �y4

12
þ 5

12

� �
þ C2Esj �

�y4

12
þ �y2

2
þ 1

12
� 1

2

� � �

ð24Þ
Solving for the Nusselt number, again we obtain Eq. (22),
where I is now given by:

I ¼
Z 1

�1

3

2
1� �y2

 �

þ C2
�Esjðy2 � 1Þ

� �
3

2
� y2

2
þ y4

12
þ 5

12

� ��

þC2
�Esj �

y4

12
þ y2

2
þ 1

12
� 1

2

� �
d�y

Plotting Nu for the complete range of values of j, we get
the results shown in Fig. 4.

The variation of Nusselt number with j follows the
same pattern as that of CfRe product. This is in correlation
with Reynolds analogy also. However, unlike the effect for
flow, the electrokinetic effects generally will be quite small
on heat transfer.

3.4. Nusselt number – constant wall temperature

Using the energy balance equation for a small elemental
area we get the following equation for the temperature
profile:

d2T
dy2
¼ u

a
T � T s

T m � T s

� �
dT m

dx

or

d2T
dy2
¼ u

a
T � T s

T m � T s

� �
q00

qaUcp

In the non-dimensional form, the above equation can be
rewritten as:

d2/
d�y2
¼ �Nu

4
�uð Þð/Þ ð25Þ

The Nusselt number for the constant wall temperature case
is obtained from successive iterations of the basic non-
dimensional temperature profile equation given by Eq.
(25) by substituting the initial value of Nusselt number
(Nu = 8.235) and the temperature profile for the constant
heat flux condition (Eq. (23)) for infinite parallel plates.

Substituting successively the non-dimensional velocity
and temperature profiles obtained from Eq. (25) and using
the boundary conditions as:

At �y ¼ 0; o/=o�y ¼ 0 and at �y ¼ 1; / ¼ 0

we obtain the Nusselt number for the constant wall temper-
ature condition. Using the temperature profiles obtained
during the constant heat flux condition for different values
of j the Nusselt number variation with j for constant tem-
perature condition is the determined as shown in Fig. 5.
The Nusselt number for constant temperature condition
is obtained until the successive iteration of Eq. (25) yields
the same value until 4 decimals of accuracy. Consistent



Fig. 5. Nusselt number variation with complete range of j.
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with the constant wall heat flux case, the effect of electroki-
netics on heat transfer is quite small.

The electrolytic charge distribution and its movement
near the wall is more for constant heat flux than constant
temperature condition. This is because at constant temper-
ature, the number density of the charges is fixed, whereas
for constant heat flux the charge distribution varies contin-
uously inducing motion near the wall, thereby enhancing
heat transfer.

4. Conclusions

An analytical modeling of the effect of electrokinetics in
microchannel fluid flow has been done. The concepts of
EDL and zeta potential have been investigated in detail.
It can be seen that on increasing the ionic strength of the
fluid, the characteristic thickness of the EDL decreases.

Subsequently, using the Debye–Hückel linear approxi-
mation, the Navier–Stokes equation has been modified
and the non-dimensional velocity profile has been devel-
oped, which clearly depicts that the presence of the EDL
in the flow decreases the fluid velocity in the EDL regime.
A heat transfer analysis is also done. An approximate
approach was adopted to find appropriate CfRe and Nu
results at lower values of j. The primary conclusion is that
electrokinetic effects can have a large effect on flow (for the
right combinations of conditions), but the effect on heat
transfer will be small.
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